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Abstract 

We study constraints among coupling constants of the standard model 
obtained in the noncommutative geometry (NCG) method. First, we an- 
alyze the evolution of the Higgs boson mass under the renormalization 
group by adopting the idea of Alvarez et al. For this analysis we de- 
rive two certain constraints by modifying Connes's way of constructing 
the standard model. Next, we find renormalization group invariant (RGI) 
constraints in the NCG method. We also consider the relation between the 
condition that a constraint among coupling constants of a model becomes 
RGI and the condition that the model becomes multiplicative renormal- 
izable by using a simple example. 

1 Introduction 

The noncommutative geometry (NCG) method proposed by Connes and Lott 
points out a clear geometric significance to the Higgs sector of the standard 
model. [0, ||, ||, ||, H It has been noted that this method gives rise to certain 
constraints among coupling constants of the model, which imply some physical 
predictions such as mass relations among the Higgs boson, the top quark, and 
the W boson. @, |(| fj], |) However, the multiplicative renormalizability of the 
model obtained from this method is a question, because the constraints do not 
seem to be consequences of any symmetry, as far as we know at this time. 

As a way of imposing constraints among coupling constants of a given model 
in quantum field theory, the renormalization group invariant (RGI) method is 
known. |)| [l0| Alvarez et al. showed that the NCG constraints of the standard 
model given in Ref. are not invariant under the renormalization group (RG) 
evolution. Jll, 12 They adopted the point of view that the constraints hold only 
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at a given energy scale, and they then analyzed the RG evolution of the Higgs 
and the top mass by using the constraints. Q Subsequently, several authors 
performed renormalization group analyses of the Higgs boson mass [ fL3[ [l4| by 
using the constraints coming from their own methods that have a close relation 
to the Connes-Lott method. Jl5[ 

In this paper we begin with a review of the construction of the standard 
model in the NCG method and make clear the derivation of the constraints 
among coupling constants coming from this method. We find that there is an 
arbitrariness in the construction of the bosonic lagrangian. Constraints are 
obtained by imposing some restrictions on the way of making the bosonic la- 
grangian from the field strengths defined in NCG. Based on this observation, 
we make the following two considerations. 

First we obtain certain constraints in a natural manner, and study the RG 
evolution of the Higgs boson mass by adopting the idea of Alvarez et al. In 
Ref. [0, Connes gives two relations among coupling constants, one of which 
contains the quartic self-coupling constant of the Higgs field. However, there 
is only a single essential constraint, because the relations contain one free pa- 
rameter. To predict the Higgs boson mass from the NCG constraints, we need 
two constraints: one of these is used to determine the energy scale at which 
the NCG constraints hold, and the other is used to give a initial condition to 
solve the differential equation that determine the RG evolution of the quartic 
self-coupling constant of the Higgs field. We give two constraints by modifying 
Connes's construction of the standard model. 

Second, we consider RGI constraints in the NCG method. We can give even 
the most general lagrangian of the standard model by using the arbitrariness in 
the manner of constructing the bosonic lagrangian. In this sense, we can say 
that the NCG method gives a parametrization of the coupling constants of the 
standard model different from the one usually used. It is interesting to consider 
how the NCG parametrization works to give RGI constraints of the standard 
model. 

Even if we give a model whose coupling constants obey the RGI constraints, 
the multiplicative renormalizability of the model is still an open question. In 
this paper we also consider the relation between the condition that a constraint 
among coupling constants of a model becomes RGI and a condition required by 
the multiplicative renormalizability of the model whose bare coupling constants 
are constrained by the same constraint. 

In the next section, we review the standard model of Connes and Lott. 
We generalize the manner of constructing the bosonic lagrangian and consider 
the constraints coming from the NCG method. In §3, we adopt the idea of 
Alvarez et al., and study the RG evolution of the Higgs boson mass by using 
constraints that are obtained by imposing a natural restriction on the way of 
constructing the bosonic lagrangian. In §4, we consider RGI constraints of the 
standard model in the NCG method. In §5, we discuss the relation between 
the condition that a constraint among coupling constants of a model becomes 
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RGI and the condition that the model becomes multiplicative renormalizable 
by using a simple example. Section 6 is devoted to conclusion and discussion. 

2 The standard model from the NCG method 
and constraints among coupling constants 

In the NCG method, the action of the standard model is constructed as a Yang- 
Mills action on a product space of the usual 4-dimensional continuum M by a 
finite space F. The geometry of M x F is defined by Connes's NCG. The basic 
data of NCG is a triplet (A, H, D). 

First, A is an involutive algebra. For the ordinary manifold M, this is the 
algebra of smooth functions on M. The exterior differential d on elements of A 
is defined as an operation satisfying 

d(a\a,2) = da i ■ a 2 + aida2, 0,1,2 € A. (2-1) 

Elements of the space of all differential /c-forms Q( kS, (A) (k = 0, 1, • • •) have the 
form 

aida 2 ■ ■ ■ da^, a\,---a n &A, (2-2) 
and the operation d on it is defined by 

d(aida,2 ■ ■ ■ dak) — da\da 2 ■ ■ • dak- (2-3) 

Second, Ti is a Hilbert space. Elements of A are represented as operators on 
H. We write a representation of a £ A as 7r(a). 

Third, D is a self-adjoint operator on Ti that is used to represent the differ- 
ential forms on Ti: 

ir(da) = [D,n(a)], a e A. (2.4) 
For M x F, the triplet is defined as follows. 
• A : Two algebras, 

A = C°°(M) ®(C®H), (2.5) 
B = C°°{M)® (CeM 3 (C)), (2.6) 

are introduced, where C°°(M) is the algebra of smooth functions on M,n 
C is the space of all complex numbers, H is the quaternion algebra, and 
Ms(C) is the algebra of 3 x 3 matrices. 

2 M is a 4-dimensional Euclidean space, so we use the metric g^ v = —8^" (fj,, v = 1 ~ 4) 
and gamma matrices satisfying {7^ ,"f v }= ■ ■2W and 7^1 = _^yM _ \y e will obtain a Euclidean 
version of the standard model. We return it to the Minkowski version after construction of 
the lagrangian. 
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• H : Both A and B are represented in a common space H. This space is 
a direct sum of the leptonic and the quark parts: H = Hi ® TC qi where 
Tii is the space of 4-spinor- valued 3N x 1 vectors, and Ti q is the space of 
4-spinor-valucd 4 • 3N x 1 vectors. Here, N corresponds to the generation 
number of fermions. Representations of a <E A and b € B have the forms 

*>-Ct' M«))' ( "» 

where 

7r ; (a) = I a /3 I ®1 N ®1 C , (2.8) 
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7r,(a) = n „ „ fl ® 1 3 ® Ijv ® lc, (2-9) 



7T Z (6) = 5 1 Z <g> Ijv ® lc, (2.11) 
7T,(6) = l 9 <x>g® lw® l c , (2.12) 



respectively. Here, 
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fee, ^JeH, 9 eC, g£M 3 (C), (2.13) 

and Iat, lc and 1 3 are the respective units of N x N matrices, the Clifford 
algebra of the gamma matrices and M 3 (C), and 



(2.14) 



All matrix elements of 7r(a) and n(b) are also functions on M. 
• D : 

D = D M + D F , (2.15) 

D " = S '{ U 'T (2.10) 

D " = (T d;%u)** <2 ' 17) 
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where 

v ' V o m„ o o / 

Here, M e ^ u ^ and contained in Df are N x N matrices. 
For later use, we define the following decomposition of the differential d: 

d = d M + d F (2.19) 

with 

d A (a 1 a 2 ) = (d A a 1 )a 2 + a x d A a 2 , (2.20) 
d A (aid B a 2 ■ ■ ■ d c a n ) = d A a x d B a 2 - ■ ■ d c a n , ai^ n eAorB, (2.21) 

where A,B,C = M or F. Representations of d M a and d F a (a e A or B) are 
defined by 

ir{d M a) = [D M ,ir(a)], n(d F a) = [D F , n(a)], (2.22) 

respectively. We note that n(da) = ir(d M a) + n(d F a). This decomposition of 
the differential is not only practically convenient for the calculation but also 
important to consider a generalization of the way to make gauge and Lorentz 
invariants in this method. 

We can consider a gauge theory onMxF. The vector spaces £4 and £b of 
all sections of vector bundles associated with A and B are defined as 

£ A = A, £ b = B, (2.23) 

respectively. We define the actions of A on £4 and B on £# to both be left actions 
for convenience. Fcrmion fields belong to a quotient set of 7r(£^) <g> 7r(£g) ® Ti 
by the equivalence relation 

tt«a) <g> 7r(&£ B ) <g> jy ~ 7r(^) <g> 7r(£ B ) <g> 7r(a)7r(6)r7 (2.24) 

for all a G .4, 6 G £?, £4 e £4, £g € £# and 77 e 7Y. The fields are expressed as 

* = (e R , e L , z/ L , d R , u R , d Ll u L ) T ', (2.25) 

where the components of * are N x 1 vectors of the generation, and ur^l and 
dfi,L are SU(3) C triplets. 

The gauge groups Ua and U& on £4 and £g are defined by 

Ua = {ua € .4 I w^w^ = u^iu = I.4}, (2.26) 
*Zb = {"e e B I Ufiitg = Ug«s = Is}, (2.27) 
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respectively, where 1a and 1b are the units of A and B. Because the set of all 
unitary quaternions is SU(2), the gauge group acting on the fermion fields is 
U(l)xU(l) 

xSU(2) x U(3) (see Eqs. and Q). This is reduced to U(l) Y x SU(2) L x 
St/ (3) c by imposing a condition later. 

The connections (or covariant derivatives) V.a on Bj± and Vg on £g are 
defined by 

VaU = dU + PAU, ZaSSa, (2-28) 
V s & = <% b + PbZb, CbG£s, (2.29) 

respectively, where pa and are the connection 1-forms on Ea and £g. The 
connection 1-forms are composed of elements of A and B, 

m 

PA = *^2<i s dal, a s G A, (2.30) 

s=l 
m 

pb = J2 bsdb ^ & * eB > ( 2 - 31 ) 

where m > 2 is not specified, and 

^a s at=l^, ^6 s &t = lg (2.32) 

are required. Gauge transformations of a s and b s are defined by 

a s — > w^a s , u^t G C/4, (2.33) 
& s — > ub G t/g. (2.34) 

Corresponding to the decomposition of <i, the connection 1-forms are decom- 
posed as 

PA = Pa + Pa, Pb=Pb+Pb, (2-35) 

where 

m m 

Pa = E a ^ Mfl - p5 = X>.d F «J, (2-36) 

S=l 5=1 

m m 
s=l s=l 

Representations of the components of pa and pb are 

7n(^f) = -^§7", Wai„=\ I O Ijv, (2-38) 
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-W>s w ®7 M , W Bg|t = 1? ® ® ljv, 



MPs) = i"«(fls) = 0- 



(2.40) 
(2.41) 

(2.42) 
(2.43) 
(2.44) 



Here, A^, W p , cp = (jpi,(p2) T , <f> — —icr 2 <p*, and are composed of matrix 
elements of w(a s ) and ir(b s ) as follows:^ 



An = 



W„ 



9i 



92 



G' = 



s=l 
m 

8=1 

m 

a 

s=l 

m 

s=l 
m 



s=l 



(2.45) 
(2.46) 
(2.47) 
(2.48) 
(2.49) 
(2.50) 



where we have defined matrix ele men ts of 7r (a s ) and ir(b s ) by putting the sub- 
script s on 7r(a) and 7r(6) of Eqs. ( |2.7|) and ( 2.10 ), respectively, and written 



-ft < 



(2.51) 



3 tr(^^) = ^, 0,6 = 1,2,3. 
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To reduce the gauge group acting on the fermion fields from U(l) x U(l) 
xSU(2) x C/(3) to U(1) Y x SU(2) L x SU(3) C , the unimodularity condition 



tr{E{n(p A ) + 7r(p B )}} 
is required, where tr is the ordinary trace, and 
/ 







(2.52) 
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(2.53) 

Here, the arbitrary constants Er and El are independent of each other. This 
condition requires 

Bp = = -3G°, (2.54) 
where G° is the it(l) component of G' . We define 



G' 



G, 



(2.55) 



Because of Eq. ( [2.54 ), there is only a single independent U(l) gauge field. We 
choose as this field. 

The curvature 2-forms of pa and p B are defined by 

Oa = dpA + p\, B = dps + p\. (2.56) 

Corresponding to the decomposition of d, these can also be decomposed as 



qMM 
i A 

nMM 
'B 



Q MF 
1 A 
Q MF 
1 B 



qFF 
?A > 
qFF 
?B > 



where 



d M 9 F A.B + P%bP F a,b + d F p% 
d Pa,b + Pam- 
Representations of the components of 9a and 9g are 



qMM 
1 A,B 

nMF 
U A,B 

nFF 

Va.b 



Pa,bPa,b> 



„ (nMM\ 



n[9 A ) 



hd^w 




Y. 



A,Bl,q ' 



(2.57) 
(2.58) 



(2.59) 
(2.60) 
(2.61) 



l c (2.62) 
(2.63) 
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Is^tV, (2-64) 
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(2.65) 
lc(2.66) 

(2.67) 



where 



YA,Bl,q 



m 



- Z 
(2.68) 

(2.69) 
(2.70) 

(2.71) 



Xl3l,q = 


-i^2^ q {b s )d 2 ir ltq (bi), 


(2.72) 


4> = 


+ (J^j , = -i(T 2 (t>*, 


(2.73) 


Dt4> = 




(2.74) 






(2.75) 


z = 


2^\ a ;p: -my 


(2.76) 



The lagrangian density of the fermion fields is defined by 
C f = ^{D + tt( Pa ) + tt(pb)}^, 
where = = Through the re-definitions 

1 



(2.77) 
(2.78) 
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w, 



G, 



<)2 
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1 

V2 /O 1 
v V 1 
/ .3tt , 

cxp i -i— r 



w, 



1 

1 o 



(2.79) 
(2.80) 

1(72^*), (2.81) 
(2.82) 



we obtain the fermionic lagrangian density of the standard model. Here, g' gi 
and g 3 are gauge coupling constants of U (l)y , 5f7 (2) £ and SU(3) C , respectively, 



and B M , W 



-3 (<T°/2)W aM and G M 



= Ea=i~8( Aa / 2 ) G apQ are respec- 
tive gauge fields, and </> is the Higgs doublet. The matrices h a (a = e, u, d) of 
the Yukawa coupling constants are expressed as 



, V2 
K = — M a , 

V 



(2.83) 



where v is an arbitrary parameter that can be introduced. We will see later 
that v corresponds to the vacuum expectation value of the Higgs field. 

The original form of the bosonic lagrangian density defined by Connes and 
Lott is H| 

^Cannes = tr{K A *(fo) + ^ 6 7r(0|)}, (2.84) 

where K A and Kg are any matrices that commute with all elements of the 
gauge groups tt(U a ) and it(Ub), respectively. This lagrangian density contains 
extra fields X At Bi,q an d Z, which have no kinetic terms. After elimination of the 



fields by using their equations of motion, and the redefinitions (2.78) ~ (2.81), 
we obtain the bosonic lagrangian density of the standard model. Then we 
also need to adjust the matrix elements of K A b to give the correct coefficients 
to the kinetic terms of the gauge and Higgs fields. Constraints among coupling 
constants of the model are derived from specific restrictions on the matrix forms 
of K A &. Connes consideredB 



K A eir(A), K B en(B), (2.85) 

and then a constraint among coupling constants is required. 

Now, we note that n(9^), ir{Q A F ) and n(6^ F ) do not mix with each 
other under the gauge and Lorentz transformations. Thus, we can generalize 
Eq. (f2~84[) asp] 



\tr{K A MQ A 

92 



MM2\ 



(2.86) 



" V 2 2 > 2 



2~! a !^ : 

(e FF2 ) = 



10 



where Km— 1,2,3 and Kb are matrices that commute with all elements of the 
gauge groups tt(Ua) and tt(Ub), respectively. We take 



Km=i,2,3 G tt(^), K b g tt(B) 
to be the same as Connes's construction and write 
/ 



tt{Ka% 



(2.87) 



ir(K E 




<g> ljv, (2.88) 



<g> In- 



(2.89) 



We will see that these forms are sufficient to give the most general lagrangian 
density of the boson fields. After elimination of the extra fields X_A,Bi,q and Z 
from and the redefinitions (2.78) ~ (2.81), we obtain 

L — -L,\t t - G2-T b - OaG^^aCr 



<,t. 



v 
~2 



where 



c 2 
c 3 

c 4 

c 5 



= N 



( J_ 

92 

ANn 1L , 



9 . 



4AS * 



5 2 w 2 
16 



K 2 L 



\tr{M\M e + 3MlM u 



3M}M d 



[K 3R tr{(M e M^) 2 + 3(M u Mt) 2 + 3(M d Mj) 2 } 



+ \^ L tr{(M e Mtf + 3(M d M] + M U M+) 2 }]. 



(2.90) 

(2.91) 
(2.92) 

(2.93) 
(2.94) 

(2.95) 
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Here, Fjf u , Fj%, a and G M „ a are the field strengths of , W^a and G MQ , respec- 
tively, and D^4> — d^cj) — {{g^W^cj) + ^B^). It is necessary that 



d = C 2 = C 3 =-, (2.96) 

C 4 = 1, (2.97) 
C 5 = A, (2.98) 

where A is the quartic self-coupling constant of the Higgs field. Thus we have 

5 



where 
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a 3 

OA 



2N{2ln lR + 9m + An q ) 
1 



a 2 , 



IQNk 1l 
1 



1 



2k 3R + K 3L 



OL2, 



24{k 2 r + K 2 L) a 2 
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-in 



5 „ / 



A 



= t~ [ i = 1, 2, 3, gi = \ -g , a T = — , a\ = — 



Air' 



Air' 



(2.99) 
(2.100) 
(2.101) 
(2.102) 
(2.103) 

(2.104) 



and hr is the Yukawa coupling constant of the N-th generation up quark. To 
obtain these relations we have also used Eq. ( p. 83 ), and assumed that non- 
diagonal parts of h a of Eq. (2.83) and Yukawa coupling constants other than 
hx are negligible. We note that we can give any values to CKj = i 2,3,t,a under 
Eqs. (2.9S) ~ ( p. 103 ), because KiR^L and k;, arc independent of each other. 
From this result, we realize that Eqs. ( 2.99 ) ~ ( [2.102 ) are not constraints among 
coupling constants, but give a new parametrization of the coupling constants of 
the standard model. Constraints are obtained by imposing some restrictions on 
the matrix forms of -fOlj=i,2,3 and Kg. We will consider two kinds of constraints 
in S)S)3 and 4. 



3 A renormalization group analysis of the Higgs 
boson mass 

In this section we give certain constraints among coupling constants by imposing 
natural restrictions on K^i=i 2 3 and Kg. We adopt the idea of Alvarez et al., 
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and analyze the renormalization group evolution of the Higgs boson mass by 
using the constraints. 
First we put 

K M = K M = K M = K A . (3.1) 

Then we have a similar model that of Connes.Q In this case we have four 
independent parameters, and K q , where we have defined the compo- 

nents of K A by removing the subscript i from components of K Ai of Eq. (2.1 



Then Eqs. ( 2.99 ) ~ ( 2.103 ) give rise to a certain constraint, by which a\ can 
be expressed in terms of other coupling constants. This circumstance is the 
same as that in Connes's model. To determine the RG evolution of the Higgs 
boson mass completely, we need one more constraint that is used to determine 
the energy scale at which the NCG constraints hold. So we consider further 
restriction on K a ,b- 



We consider a restriction on the algebras A and B defined by Eqs. (2.5) and 



(2.6). We write the elements of A as 

(/,u), (3.2) 

where 

/ € C°°(M) <g> C, uer(M)®H. (3.3) 
We also write the elements of B as 

G?,g), (3.4) 

where 

geC°°{M)®C, ge C°°{M)®M a (C). (3.5) 

In Connes's construction, / and g can be taken independently. Here we suppose 
that we must always specify the elements of A and B at the same time, and 
take 

/ = 9- (3.6) 

In this case, 

B„ = (3.7) 



of Eq. (2.54) holds automatically without the unimodularity condition (2.52), 
and also 

B» = -3G M (3.8) 



of Eq. ( 2.54 ) can be obtained from the condition 

tr{Tr(p A )+Tr(p B )} = 0, (3.9) 

which is the usual unimodularity condition. 

As a result of the restriction on the algebras A and B, we have restrictions 
on the forms of K A £ A, Kg G B: 

kr =Kl = k c . (3.10) 
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In this case, the independent parameters and Kg. Then Eqs. fl2.99[ ) 

~ ( |2.103 ) give rise to two constraints, 



at 



OA 



1 1 1 

3qi 4«2 30a3 

111 
3ai 8«2 30a3 



(3.11) 
(3.12) 



where we have put N = 3, and a t = hi/An is the Yukawa coupling constant of 
the top quark. 

Let us study the RG evolution of the Higgs boson mass by using the con- 
straints (3.11) and ( 3 . 1 2| ) . According to Alvarez et ah, we consider that the 
constraints hold only at a certain energy scale /iq- We determine the energy 
scale by using Eq. (3.11) as follows. The RG evolution of 0^=1,2,3,* can be 
known by solving 

^=P ai , (» = l,2,3,t) 



dt 

where t = ln(fi/mz) (mz = 91.2 GeV), and the (3 functions are 
4tt^ Qi 



47T/? a2 
47T/3 Q3 
47T/3 Qt 



8A 1 
~3 

8N 43 

it ~ y 

87V 



2 

Oi 2 : 



-22 a 



17 9 
a t [ 9a t - — ax - -a 2 - 16a 3 



(3.13) 

(3.14) 
(3.15) 
(3.16) 
(3.17) 



in the 1-loop approximation. |lq, [l7| | (We put A = 3.) For % — 1,2,3, the 
solutions arelEl Ol E3 





= a^(t 


«2 _1 (<) 


= a^(t 


a^(t) 





41 

20^ 
19 

12^ 



2tt 



where 

ax(t = 0) = 0.01698, a 2 (t = 0) = 0.03364, a 3 (t = 0) = 0.12. 
We can also solve Eq. ( [3. IS ) for i — t with the initial condition]!^ 

a t (t = 0) = 0.09283. 



(3.18) 
(3.19) 
(3.20) 

(3.21) 
(3.22) 
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Figure 1: The RG evolution of at and the right-hand side of Eq. (3-11). Equation 
(3-11) holds at t = 15.26. 



The evolution of at and the right-hand side of Eq. (3.11) are written in Fig. 1. 
From the figure we can determine the energy scale at which Eq. ( |3.11 ) holds: 

fio = 3.87 x 10 8 GeV. (t = ln(/z /m z ) = 15.26) (3.23) 



Equation (3.12) also holds at the same energy scale. So, by estimating the 
right-hand side of Eq. (3.12) at this scale, we obtain 

a A (^o = 15.26) = 0.03269. (3.24) 

Using this as the initial condition, we can solve 

numerically, where the f3 function is 

9 27 9 9 

47r/3 QA = 24:al + 12a\at--axa 1 -9axa 2 + -^aj + —a 1 a2 + -al~6af (3.26) 

in the 1-loop approximation. [^6| [l7|] The Higgs boson mass is expressed as 

ma = \J 8TTv 2 a\. (3.27) 

It is known that 

v(n = m z ) = 246 GeV, (3.28) 

and its running effect is neglig ible.@[|0 Thus, we can determine the RG 
evolution of the Higgs boson mass. It appears in Fig. 2. The figure shows 
m H (a 1 = m n) — 195 GeV. 
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Figure 2: The RG evolution of m#-(i) and the curve of \i — mze 1 . mn{n = TOjj) 
can be read from the intersecting point of them. 



4 RGI constraints in the NCG method 



In this section, we consider RGI constraints in the NCG parametrization (2.99) 
~ (2.103). First we consider possible RGI constraints among coupling constants 
of the standard model. We consider the form 



Fi(a 2 )a 2 , (i = 1, 3, T, A) 



(4.1) 



where Fi(pt2) are certain functions of a 2 . The conditions of the constraints 
( |4.Ij ) being RGI are obtained by differentiating bothsides of Eq. ( f4.l[ ) by the 
scale parameter /x. We obtain 



dFjja) 
ds 



where 



and 



P0L2 



s = In a 2 

a dcti 
Pat = 



i,3,r,A) 



(4.2) 

(4.3) 
(4.4) 



We can express f3 a J f3 a2 of Eq. (4.2) in terms of Fi—x^,T,\ by using the expres- 
sions of 1-loop p functions with Eq. (4.1). In particular, we only consider the 
cases of i = 1,3. For these cases, we obtain simple expressions, 



Pa? 



= biFf, (i = l,3) 



(4.5) 



1G 



where 



bi = 
h = 



8N- 



8N - 43 ' 
8iV + 66 
8iV - 43 ' 



(4.6) 
(4.7) 



Here, we have used the 1-loop (3 functions of Eqs. (3.14) ~ (3.16). The solutions 
of Eq. (4.5) are 

F l (a 2 ) = (4.8) 

where ar e cer tain constants. The constants ai a re de termined such that the 
constraints (4J) hold for 0^=1,2,3 (^ = m-z) of Eq. ( 3.21 ). We obtain 

1 h 



aj(/i = m z ) a 2 {fJ. = m z )' 



(4.9) 



It is easy to give these RGI constraints in the NCG parametrization. By 
comparing Eq. (4. J) with Eqs. (2.99) and (2.101), we obtain 



1 



12N 
1 



ai - 



«3 



10 

(a 3 a 2 + b 3 ) 



a 2 + b\- 



10 



(4.10) 
(4.11) 



where we have taken Km — m = k c as in Eq. ( |3.10 ). 



5 RGI constrains and the multiplicative renor- 
malizability 

In this section, we consider the relation between the condition that a constraint 
among coupling constants of a model becomes RGI and the condition that the 
model becomes multiplicative renormalizable. We consider a Yukawa + (6 4 
model in a mass-independent renormalization scheme. We use the minimal 
subtraction scheme with dimensional regularization.|n| [TtJ Our argument 
is dependent on the renormalization scheme. 

First, we consider the condition of a RGI constraint. We denote the cou- 
pling constants of the <f> and the Yukawa interactions as A and h, respectively. 
Suppose that there is a constraint 

a\=F(a h )a h , (5.1) 

where 

A h 2 
ax = ^ ah = ~^ (5 - 2) 
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and F(a.h) is a function of ah- The condition for the constraint to be RGI is 

J- {F{ah)ah} = , (5.3) 

where 

Next, we consider the condition required for the multiplicative renormaliz- 
ability of the model whose bare coupling constants are constrained by 

a A = F(a ho )a ho - (5.5) 

Here, a\ and cx,h are expressed in terms of the bare coupling constants Ao and 
ho of the <fi 4 and the Yukawa interactions, respectively, just as Eq. ([T^). In the 
dimensional regularization, we have 

X =fi 2e Z x X, h = fZ h h, (5.6) 

where e = (4 — d)/2 — > 0, and d is the dimension of the spacetime. Now, let us 
suppose 

oo 

F(a ho ) = Y,9n^- 2t a ho ) n , (5.7) 

71=0 



wher e g n are expansion coefficients. By substituting Ao an d hp of Eq. (5J3) into 
Eq. fl5.5|) , using the bare coupling constant version of Eq. (5.2), we obtain 

oo 

Z x a x = J2g n Z 2 h (n+1) < +1 - (5-8) 

n=Q 

Because each Z\ and Z^ is a certain function of A and h determined so as to 
provide the counterterm, this is the condition for g n , i.e., the condition for the 
functional form of F(ah). We study the relation between this condition and the 
RGI condition (5.3). Substituting the h expansions 

z XJl = i + nz^l + n 2 z {2 l + ■■■ (5.9) 

into Eq. (pl|), and collecting the coefficients in front of h° and h 1 , respectively, 
we obtain 



a x = F(a h )a h , (5.10) 

-^-{F(a h )a h } = (5.11) 
da h 2a h Z^ } 
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These are necessary conditions for Eq. ( |5.8|). W e note that Eq. (5.10) is the 
same as Eq. (5.1). On the other hand, Eq. (5.11) can be reduced as follows: We 
can write 



Zx, h = i + J2 



(5.12) 



where ax hi are certain functions of A and h. We consider the fi expansions 



a\,hi = 1 + ha>xM + 1=1 a 



Then we have 



2„(2) 
X.hi 



7(1) 
J X,h 



On the other hand, we have 

dX 
dfx 
dh 

djj, 



Px = A (^2A 
0h = h I 2A 



d_ 
dX 

d_ 
dX 



d_ 

dh 
d_ 

dh 



axi, 



a-hi 



(5.13) 
(5.14) 

(5.15) 
(5.16) 



as a consequence of the fact that the functions are finite for e — > 0. We can 
also obtain 



l X,h 



i = £ <> hl (l,m)h l y 

I+m=l 



(5.17) 



= 4^(2, 0)h J + a\\> hl (0, 1)A + 0^(4, -1)^ 

from 1-loop calculations, where a^ hl {l,rn) are certain constants.^] By substi- 
tuting cl^I and dftl of Eq. ( 5.17 ) into Eqs. ( 5.15 ) and ( 5.16 ), respectively, we 
obtain the following expressions for the 1-loop functions: 



2Xa 



(i) 

Al ' 



Due to Eqs. ( plj ), ( pUS) ), ( p9| ) and 

/3a 



47T 



Eq. (5.11) is reduced to 



da;, 



{^(a/j)^} 



hfih 

2ir ' 



Pan 



(5.18) 
(5.19) 

(5.20) 
(5.21) 



a<>,l)=aft(4,-i) = o 
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This is the same as the RGI condition ( |5.3| ) under the 1-loop approximation. 

Thus, we can conclude that the condition that the constraint (5.1) becomes 
RGI is a necessary condition of the multiplicative renormalizability of the model 
whose bare coupling constants are constrained by Eq. (5.5). 



6 Conclusion and discussion 

We have studied the constraints among coupling constants of the standard model 
obtained in the NCG method. We knew that we could obtain even the most 
general lagrangian of the model by generalizing the manner of constructing the 
lagrangian from the field strengths defined in NCG. In this sense, we can say 
that the NCG method gives a parametrization of the coupling constants of the 
standard model different from the one usually used. NCG constraints are ob- 
tained by imposing some restrictions on the way of constructing the bosonic 
lagrangian. Based on this observation, we made the following two considera- 
tions. 

First, we formulated two constraints by imposing certain restrictions on the 
matrix forms of ^^=1,2,3 € n(A) and K B £ n(B) that are parameter matrices 
contained in the bosonic lagrangian. The restrictions can be regarded as a result 
of certain restriction on the algebras A and B. When we construct the standard 
model with the restricted algebras, the procedure of reducing the three £7(1) 
gauge fields into the U(1)y gauge field, which has been done by imposing a 
unimodularity condition in the ordinary NCG method, becomes more simple. 
Using these constraints, we studied the renormalization group evolution of the 
Higgs boson mass. We adopted the idea of Alvarez et al. We determined the 
energy scale at which the NCG constraints hold by using one of the constraints, 
and then, by using another constraint, we obtained the initial condition to 
determine the RG evolution of the quartic self-coupling constant of the! Higgs 
field. The evolution indica tes rxinip, = ran) = 195 GeV. 

Second, we studied that how we can obtain RGI constraints of the standard 
model in the NCG parametrization. We considered the cases that all coupling 
constants are expressed in terms of the SU(2) gauge coupling a-i- In particular, 
we focused on only J/(l)y and SU(3) gauge couplings. The functional forms 
of 0.1(0.2) and 0.3(0.2) are determined uniquely from the RGI conditions and 
phenomenological data, so we determined the NCG parameters so as to give 
these functional forms. 

We also considered the relation between the condition that a constraint 
among coupling constants of a model becomes RGI and the condition that the 
model becomes multiplicative renormalizable by using a Yukawa + </> 4 model. 
We showed that the condition of a RGI constraint is a necessary condition for 
the multiplicative renormalizability of the model whose bare coupling constants 
are constrained by the same constraint. 

Constraints among coupling constants coming from the NCG method are 
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derived from some artificial restrictions on the way of making the bosonic la- 
grangian from the field strengths defined in NCG, even if the restrictions have 
some naturalness. To obtain some constraints among coupling constants from 
the NCG method while ensuring the multiplicative renormalizability of the 
model, we should seek some symmetry that restricts the manner of constructing 
the lagrangian from the field strengths defined in NCG. 
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